Using the immersed boundary method, we have simulated the motion of two flexible filaments in a flowing soap film, which was experimentally studied by Zhang et al. ͓Nature ͑London͒ 408, 835 ͑2000͔͒. We found numerically two distinct modes of sustained oscillation of the two filaments: parallel flapping and mirror-image clapping, depending on the separation distance between the two filaments. Our simulation results agree with that of the experiment at least qualitatively, even though the Reynolds number of the flowing soap film in our simulation is about two orders of magnitude lower than that of the experiment.
I. INTRODUCTION
Fluid-structure interaction 1 is important in biomechanics. Improved understanding of biological fluid-structure interaction could lead to engineering applications that exploit the design principles of Nature. Even the passive problem of a flapping filament in a flowing soap film ͑the two-dimensional analog of a flag flapping in the wind͒ has much to teach us about biological swimming 2 and about fluid-structure interaction in general. This paper is motivated by the experiments of Zhang et al. 3 on the dynamics of flexible filaments in a flowing soap film. Figure 1 shows the setup of the laboratory experiment. At the top of the apparatus, there is a reservoir of soapy water, below which a stopcock is attached to control the rate of discharge from the reservoir. Two thin nylon wires diverge at the nozzle, run downwards diverging until they meet the upper supporting threads marked ''T'' in the figure, and then proceed vertically downwards forming the parallel sides of the flow channel in which the experiment is to be performed. The vertical course of the wires ends well below the region of interest at the lower supporting threads ͑again marked ''T''͒, below which the wires converge carrying the flowing soap solution into a collecting chamber. With the stopcock open, the soapy water will fall out of the reservoir under the influence of gravity, thus forming a thin layer of soap film bounded by the two edge wires. The falling soap film soon reaches its terminal velocity determined by the balance of gravity and air resistance. Two thin flexible filaments are placed in the flowing soap film with their upper ends fixed at a height where the film has already reached its terminal velocity. The two fixed ends are symmetrically placed with respect to the vertical midline of the apparatus, in the same horizontal line, and separated by a distance that may be controlled by the experimentalist. This distance turns out to be an important parameter of the experiment.
Without the filaments, the flowing soap film flow may be approximately treated as a two-dimensional channel flow, which has a simple analytical solution, even in the presence of air resistance. ͑For more information on the hydrodynamics of soap films, see Refs. 4 -7. For more information on filament dynamics in fluids, see Refs. 8, 9.͒ However, after the introduction of the filaments, because of the interaction between the flexible filaments and the flowing soap film, the motion of the system becomes both complicated and interesting: the filaments move at the local fluid velocity of the soap film, the two-dimensional velocity field of which they simultaneously influence through the forces that they apply to the surrounding fluid. These forces are influenced by the elasticity and inertia of the filaments. They have the effect of generating vorticity, some of which is washed down along the sides of the filaments by the flowing soap film. At the free ends of the filaments, vortices are shed and are subsequently advected by the flow, and dissipated by the combined effect of viscous diffusion and air resistance.
The experiment parameters are listed in Table I ͑column 2͒. One of the interesting findings of the experiment is that, when the distance d between the fixed ends of the filaments is small enough (d/LϽ0.21Ϯ0.04, where L is the filament length͒, the two filaments execute in-phase parallel flapping, but when that same distance is large enough (d/LϾ0.21 Ϯ0.04), they switch to an antiphase clapping motion. For details of the experimental findings, see Zhang. 3 We have previously simulated the flapping motion of a single flexible filament in a flowing soap film by the immersed boundary ͑IB͒ method, see Zhu, 10 Zhu and Peskin. Here, we report our IB simulation of two interacting flexible filaments in a flowing soap film. Although our methodology is unchanged, consideration of the two-filament system introduces a rich repertoire of possible behavior. This is because the two filaments may influence each other through the flowing soap film that contains both. As a result of this influence, their motion may become synchronized in more than one way, as described above. 
II. MATHEMATICAL FORMULATION AND NUMERICAL METHOD
As shown in Table I , the filament diameter ͑150 m͒ is much greater than the film thickness ͑3-4 m͒, so the actual physical situation involves a three-dimensional filament moving in an almost two-dimensional film ͑see Fig. 2͒ . The main hypotheses made for the filament-in-film problem are:
͑1͒ The filament is a one-dimensional curve with negligible volume and with mass uniformly distributed on this onedimensional curve, which is totally immersed in the soap film. The curve behaves like a linear elastic material line which can be stretched, compressed, and bent, and which resists these deformations by elastic forces. ͑2͒ The flowing soap film is an incompressible, viscous, Newtonian fluid membrane with zero thickness which cannot be stretched or compressed. The surface tension between the film and the filament has a negligible effect on the filament motion, despite its significance in forming a bulge of fluid around the filament and thereby increasing the effective filament mass. The flow within the soap film is a two-dimensional plane laminar flow governed by the incompressible Navier-Stokes equations. ͑Chomaz, 13 Chomaz and Cathalau 14 have shown that the flowing soap film can be described by the 2D incompressible Navier-Stokes equations if the typical film flow speed is smaller than the Marangoni elastic wave speed and if the initial film thickness variation and total soap concentration are small. We believe that these conditions hold in the experiments of Zhang et al.
3 to which our computational results are compared.͒ ͑3͒ The magnitude of air resistance ͑drag force per unit area͒ is proportional to the local film speed, and the proportionality factor is a constant in space and time. The direction of the air resistance is opposite to that of the flow at each point. ͑4͒ The effective mass of a filament is twice the measured mass of that filament wet by soapy water. The extra mass comes from a bulge in the film that forms around the filament as a result of surface tension. The factor of 2 is a rough estimate of this effect, based on the observed geometry of the bulge in the film. ͑5͒ The filament-film system is not sensitive to the film length or to the outflow condition at the bottom of the film, provided the film is long enough in comparison to the filament length.
With these assumptions, a mathematical formulation of our problem that includes filament mass and elasticity, gravity, air resistance, and the two wires that bound the flowing soap film, may be written as a system of integrodifferential equations that can be solved numerically by the IB method. Currently, there exist several versions of the IB method. [10] [11] [12] [15] [16] [17] [18] [19] [20] [21] [22] The version we employ here is the one used in Refs. 10, 11. Its novel feature is the ability to handle filament mass in the manner described below. The incompressible viscous Navier-Stokes equations, which are used in our formulation to describe the motion of the whole film- filament system are discretized into a fixed uniform twodimensional Eulerian mesh, whereas the filament equations are discretized into moving Lagrangian one-dimensional arrays of points ͑one array for each filament͒ whose nodes do not necessarily coincide with the fixed Eulerian mesh points of the fluid computation. The delta function approximation that mediates the interaction between the filament and the soap film is used not only to interpolate the fluid velocity and to apply force to the fluid, but also to handle the mass of the filament, which is represented in our calculation as a delta function layer of fluid mass density supported along each of the immersed filaments. Because of this nonuniform mass density, we use a multigrid ͑seven-grid V-cycle͒ method [23] [24] [25] for solving the discretized fluid equations. For details, see Refs. 10, 11.
III. SIMULATION RESULTS
The parameters used in our simulation are shown in Table I ͑column 3͒. The dynamical viscosity is larger ͑and therefore the Reynolds number is smaller͒ by two orders of magnitude in our simulations than in the corresponding experiments. The mass of each filament is twice that measured by weighing each filament saturated with soapy water. As discussed above, the extra mass is intended to model the mass of the bulge in the film that forms around each filament as a result of surface tension.
The vertical length of the domain in our computation is shorter than the experimental soap film, but it does not appear that the length of the film is an important parameter, provided it is long enough not to interfere with filament motion. The elastic stretching stiffness coefficient in our simulation is chosen such that the filament experiences almost no stretch ͑Ͻ0.5% of filament length͒. The filament separation distance d is taken as 0.1L, 0.3L, and 0.6L, where L is the length of each filament. All other parameters besides the Reynolds number, the filament mass, and the length of the film are the same as those in the experiment.
We employ two different techniques in this paper to visualize the simulation results: the instantaneous position of fluid markers and the contours of vorticity. In the following figures where these visualizations are used, the left panels show the instantaneous positions of fluid markers, and the right panels show vorticity contours. The fluid markers were generated in bursts intermittently, like hydrogen bubbles generated by pulses of electrical current to provide flow visualization in a physical experiment. In both ͑left and right͒ panels of each figure, flow is from top to bottom ͑driven by gravity, falling against air resistance͒ at an inflow velocity that is equal to the film terminal velocity. The initial configuration chosen for the two filaments is a pair of in-phase parallel sine waves separated by a distance d, with amplitude 25% of the length of the two filaments. The multigrid computation within each time step is performed on a series of grids with resolution 256ϫ512 on the finest level. The multigrid Navier-Stokes solver is terminated in each time step when the L 2 norm of the relative residual falls below 10 Ϫ6 . We have found that a stricter criterion makes little difference in the overall result of the computation. The simulation is run up to 0.2 second, which is enough to cover 6 -8 cycles of the observed spontaneous oscillations of the filaments. Figures 3 and 4 show simulation results of two filaments separated by a distance d/Lϭ0.1. Although not shown here, one can see from an animation of the simulation results that the two filaments, starting from the initial configuration and, following approximately one oscillation, quickly settle into a sinuous, parallel, in-phase flapping. One may argue that this is not surprising, since the initial condition is already one in which the two filaments are parallel. It is not always the case, however, that the symmetry of the sustained motion is the same as that of the initial condition, as we shall see later. In each stroke, vortices are shed away from the two free ends FIG. 3 . The in-phase flapping of two filaments in a flowing soap film. Here and in all similar figures, the left panels show particle positions, the particles having been introduced in pulses at equal time intervals and equally spaced in x along the inflow boundary. The particles that comprise the two filaments are also shown. The right panels show vorticity contours at the corresponding times. The filament length is 3.6 cm. The distance between the two fixed ends of the filaments is 0.1ϫ filament length. Timeϭ0.173 s in the upper pair of frames, and timeϭ0.178 s in the lower pair.
with alternating signs, the leftward stroke generating counterclockwise vortices, and the rightward stroke generating clockwise vortices. When these vortices are carried away by the flowing soap film, a mushroomlike structure develops, and a vortex street forms downstream. The stem of the mushroom structure is approximately perpendicular to the flow direction. ͑See left panels of Figs. 3 and 4.͒ The flapping frequency is about 29 Hz. The parallel flapping is selfsustained and periodic in time. Figure 5 shows the x coordinate of the position of the free end of each of the two filaments as a function of time. The dotted lines are the x coordinates of the positions of the two tethered ends, for comparison.
When the filament separation distance is increased to d/Lϭ0.3, while all the other parameters are kept the same, one can see from an animation that the parallel configuration of the initial condition is not maintained as time evolves.
Instead, after a short adjustment period, the filaments settle into their stable antiphase flapping state: a clapping motion that is symmetrical with respect to the flow midline. This is a striking result, since the parallel initial condition would seem to bias the filaments away from the sustained anti-parallel motion that they eventually find. When the two free ends of the filaments reach the outer limits of the motion, vortices of opposite sign ͑the left filament producing counterclockwise and right filament producing clockwise vortices͒ are shed from the free ends of the filaments. These vortex pairs are carried downstream by the flowing soap film, and they deform the fluid between them which rolls up into a mushroom shaped structure as revealed by the fluid markers. The vortices shed from the free ends when the filaments clap together are carried away and form the stem of the next mushroom. Unlike the scenario in parallel flapping, the shaft of the mushroom structure is nearly aligned with the flow direction of the film, so that the each mushroom looks like a falling parachute ͑see left panels of Figs. 6 and 7͒. The simulation results are visualized in Figs. 6 and 7 at four different instants. The clapping frequency is about 41 Hz, which is approximately 41% higher than the flapping frequency of the in-phase case. ͑In Zhang's experiment the corresponding increase is about 35%.͒ Clapping is periodic in time and selfsustaining. Figure 8 shows a plot of the x coordinates of the two free end position as functions of time.
When the filament separation distance is increased still further, e.g., d/Lϭ0.6, the coupling between the two filaments becomes very weak and each of them executes periodic sinuous flapping motion almost independently, resembling a single filament in a flowing soap film, see Refs. 10, 11. When the wakes behind the two filaments are advected downstream by the flowing fluid, they get entangled with each other and the interaction of the two wakes makes the downstream flow look more chaotic and the mushroom-like structure is no longer evident, see Fig. 9 .
We also performed simulations on two interacting massless filaments, by setting the parameter of filament mass equal to zero in each of the three cases reported above, while keeping all the rest of the parameters unchanged. We found in each case that both filaments return to their straight parallel line state aligned with the flow direction following a short period of damped oscillations. As in Refs. 10, 11, this shows the significant role that the filament mass plays in the dynamics of flapping.
In the experiment, the transition from in-phase behavior to antiphase behavior was found to occur at a separation distance d c given by d c /Lϭ0.21Ϯ0.04. This is consistent with our result, which is that d c /L lies somewhere between 0.1 and 0.3. We have not yet tried to define the critical distance more precisely.
IV. SUMMARY AND CONCLUSION
This work extends our earlier simulation study 10, 11 of a single flapping filament in a flowing soap film to the case of two interacting filaments. In both studies, a version of the immersed boundary method that allows for filament mass was used. The earlier study showed that filament mass was essential for sustained flapping, and that result is confirmed here in the case of two interacting filaments.
With two interacting filaments side by side in a flowing soap film, we have found two distinct modes of sustained synchronized flapping. Which mode occurs depends on the dimensionless parameter d/L, where d is the separation distance between the two filaments and L is their length. For d/Lϭ0.1 we find parallel ͑in-phase͒ flapping, and for d/L ϭ0.3 we find an antiparallel or clapping motion in which the two filaments oscillate in antiphase. The latter result is particularly striking because our standard initial condition in these studies involves two parallel sinusoidal filaments. The clapping motion has a substantially higher frequency of oscillation than the parallel flapping motion, and the down- stream flow pattern also looks considerably different in the two cases.
When the two filaments are even further apart (d/L ϭ0.6), we find that their motions become uncoupled and the downstream flow pattern becomes somewhat chaotic. This deserves further study, since the chaotic motion may be an indication of a transition between two different stable oscillatory modes.
All of these results are in agreement with the experiments 3 that inspired the present study. Although most of the parameters of the simulation are the same as those in the experiment, one notable difference is that the Reynolds number of the simulation ͑200͒ is lower than that of the experiment ͑20 000͒ by a factor of 100. This suggests that the Reynolds number, once it is sufficiently high, is not a very important parameter for the flapping filament problem. The dynamical system comprised of one or more flexible filaments in a flowing soap film has a rich mathematical structure that includes at least the phenomena of bistability ͑for a single filament, see Refs. 3, 10, 11͒, in-phase synchronization, and antiphase synchronization. We have shown that a computational model based on the immersed boundary method captures the full range of these behaviors.
In addition to the Reynolds number and the dimensionless separation distance, the filament-film system has several other nondimensional parameters, e.g., the filament dimensionless mass, see Refs. 10, 11. The influences of dimensionless parameters other than the dimensionless filament separation distance d/L on the qualitative behavior of the twofilament system have not been studied in the present paper. It is quite possible that the critical values of d/L ͑i.e., those values at which a transition from one qualitative behavior to another occurs͒ may be influenced by the other dimensionless parameters of the problem. This is a good subject for future research. 
